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Learning Outcomes
After studying this module, you shall be able to …
•
Learn the state of a physical system in terms of the state vector in Hilbert space
•
Know how a Hermitian operator acting on a state vector gives us the information of a
physically observable quantity in terms of various eigenvalues
•

Learn the definition of expectation values of the corresponding operator in the state

•
Know the properties of quantum mechanical operators and of canonically conjugate
operators
•

Know tha time evolution of a quantum mechanica state vector

•
Learn some important properties of representations, basis of ket and bra state vectors
and unitary matrices
3

Quantum Mechanics-1
Physics

Postulates of Quantum Mechanics and Representations of Vectors, bases and
Unitary Operators

1. Introduction

Having developed the properties of vectors and operators in Hilbert space ---an underlying
mathematical framework of quantum mechanics, we now present the basic postulates, using Dirac
notation, in a form appropriate to the Hilbert –space formalism of quantum mechanics. The next
section is devoted to studying the mathematical properties of representations of the ket and bra vectors
and operators and unitary transformations from one basis to another.
2.Postulates of Quantum Mechanics
2.1

State Vectors and Observables of a Physical System

Postulate I :

a
Each state of a physical system is represented by a vector ket, say,
, referred to as a state vector in
a
a Hilbert space. The vector
or any scalar multiple of it corresponds to the same physical state. For
a
convenience, it is required that
be normalized so that the vector representing the state is
determined upto a constant factor.
To the above postulate is added the principle of linear superposition, according to which if
a1 and a2
represent the possible state vectors then a linear combination,

a   a1   a 2

(8.1)

is also a possible state vector, where α and β are arbitrary complex numbers. Conversely, any state may
be considered as a linear superposition of two or more states. In fact, we assume that there exists an
orthonormal complete set of state vectors for any state space.
You may recall that in classical mechanics, the dynamical state of a system is specified by dynamical
variables such as coordinates and momenta of the particles in the system at a given instant. From this
information, not only the value of any other dynamical variable such as energy can be obtained but
even the state of the system at any other time can be deduced by means of the equations of motion. In
quantum mechanics, however, the definition of the state of the system is significantly different from
that of the classical case. Here to get information on the dynamical variables of the system, we
introduce the following postulate.

Postulate II :
4
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For every dynamical observable A (like energy, momentum etc.) of the system, there exists a
Hermitian operator Â in the Hilbert space. As stated above, any state vector can be expressed in terms
of a complete set of basis vectors. These basis vectors are the eigen vectors of the Hermitian operator.
The only measurable values of a physical observable are the various eigenvalues of the corresponding
operator. Thus, each of the eigen values ( assumed, for the time being, to be discrete) of the operator
a
has associated with it a vector, represented by k , in the Hilbert space. Let it be an eigen vector of
operator Â so that

Aˆ ak  ak ak

(8.2)

The hermitian character of the operator ensures that the eigenvalues are real. Eigen vectors
corresponding to different eigen values are orthogonal
i.e.,

ai a j  0,

ak ak  1.

and also normalized, i.e.,

2.2

for i  j

(8.3a)
(8.3b)

Measurement Postulates : Expectation Values and Probabilities

Postulate III :
If we measure the variable A in the state of the system specified by the eigen-vector
operator Â , we shall have the precise measurement in terms of the eigen value,

ak

of the

.

If the measurement is made on large number of identical systems, each characterized by a state
represented by a normalized ket
defined by

Aˆ

In case,



av

, then the average value (expectation value) of the operator Â is

  Aˆ 

(8.4)

  ak
is an eigen vector of Â , say,
, where
Â ak =

Then



Aˆ

 k

ak
,

,

(8.5)
(8.6)
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which is in agreement with the statement given earlier. If
is not an eigenvector of Â , then

a
can be expanded in terms of the eigenvectors { k } of Â , which form a complete orthonormal
set of Hermitian operator. We then have
   ak ak 

(8.7)

k
so that  Aˆ     ak ak Aˆ al al 
k .l
   ak  kl ak al     ak ak   k
k .l
k

(8.8)
(8.9)

Note that in Eq. 8.8), we have twice made use of the closure relation. We thus express

2
 Aˆ     ak  k
the average value of Â as

k

(8.10)

Equation (8.10) is to be interpreted as giving us the result of a large number of measurements under
identical conditions or, equivalently, the result of a measurement on a large number of identical
systems, each measurement yielding one or the other eigenvalue of Â . As one cannot, in general,
a
predict which eigenstate will be obtained, we postulate that the probability of finding the state k
2
ak 
is
.
(8.11)

a
ak 
may be regarded as the probability amplitude for the system to be found in k . Indeed

Thus,



the concept of probability amplitude is based on the premise that
, as expressed by Eq.(8.7),
represents the state of the physical system. The justification for this premise has its origin in
experiments on interference and diffraction phenomena discussed in the first module.

2.3

Quantum Mechanical Operators
6

Quantum Mechanics-1
Physics

Postulates of Quantum Mechanics and Representations of Vectors, bases and
Unitary Operators

Postulate IV:
Let there be a dynamical variable, as for instance a Hamiltonian, in classical mechanics, which is a
function of canonically conjugate variables. The corresponding quantum mechanical operator of the
system is obtained from the dynamical variable in classical mechanics by replacing the canonically
conjugate variables by the corresponding quantum mechanical operators.
Consider the example of a linear (one-dimensional) harmonic oscillator in classical mechanics,
where its Hamiltonian ( in Cartesian co-ordinates) is given by

p x2 1 2
H  H ( x, p) 
 Kx
2m 2
,

(8.12)

where m is the mass of the oscillator and K is a spring constant. Here the Hamiltonian is a function of
the position co-ordinate ,x, and the momentum, , which are the canonical variables.
According to the postulate, the quantum mechanical operator corresponding to H is obtained as

pˆ x2 1 2
ˆ
ˆ
H  H ( xˆ, pˆ x ) 
 Kxˆ
2m 2
,
where

are Hermitian operators corresponding to x a nd

(8.13)
respectively.

It is important to keep in mind that quantum mechanical operators of the conjugate variables need not
commute; therefore proper order of the variables has to be preserved.
  
L
rp,
To make the point clear, let us consider, for example, the orbital angular momentum ;
where its x-component is given by

Lx  yp z  zp y ,

So that

cyclic,

L2x  y p z yp z  zp y zp y  yp z zp y  zp y yp z
 y 2 p z2  z 2 p 2y  2 yp y zp z

(8.14)

(a)
(b)

(8.15)

Classically, both the expressions (a) and (b) of Eq.(8.15) are equivalent. However, when the canonical
variables are replaced by the operators, the corresponding expressions would not give
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Lˆ2
the same result for the operator x . The correct expression is obtained by replacing the variables by
corresponding operators in the equation given by Eq.(8.15a). Only those operators which commute can
be permuted.
Another point to note is that a dynamical variable C which is the product two other dynamical
variables , say, A and B, i.e., C=A B, then the Hermitian operator corresponding to C is not
because if these operators do not commute, i.e.,

, the product

,

would then be not

Hermitian. It is a simple exercise to check that a proper combination is given by
which is Hermitian.

,

Postulate V:
Any pair of canonically conjugate operators satisfies the Heisenberg commutation rules:

[qˆi , qˆ j ]  0;

(a)

[ pˆ i , pˆ j ]  0;

(b)

[qˆi , pˆ k ]  i Iˆ ik

(c )

(8.15)

where the operator
represents the generalized coordinate corresponding to
and similarly the
operator is the operator corresponding the generalized momentum canonically conjugate to
.
Thus, if represent the Cartesian coordinates, the are the components of linear momentum. If, on
the othere hand,
represent the angle, then are the components of angular momentum and so on.
In this abstract formalism, the commutation relation, like

[ xˆ, pˆ x ]  i
between a position variable and its canonically conjugate momentum may be regarded as a
fundamental postulate and is not to be derived . This quantum condition forms the basis of quantum
mechanics.
As another example, consider the case of orbital angular momentum. Thus substitution of the operators
etc. in place of the corresponding variables appearing in Eq.(8.14), we find that the
components,
relations:

of angular momentum operators satisfy the following commutation

[

(similar relations in cyclic order)

(8.16)
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We shall see in the subsequent modules how these commutation relations determine the quantal
properties of the physical variables corresponding to angular momentum operators.

2.4 Time evolution of state vector
Postulate VI:
You must be already familiar with time-independent treatment of the Schrodinger equation from the
elementary course on quantum mechanics.
Here we postulate that time evolution of the state vector,
equation:
i

where

 (t )

, is governed by the Schrodinger

d
 (t )  Hˆ (t )  (t ) ,
dt

(8.17)

is the Hamiltonian operator associated with the total energy of the system.

3. Representations, Bases and Unitary Operators
Having learnt the properties of orthonormality, completeness and projection operator of ket and bra
vectors, we turn over to learn some general properties of representation.Consider an N-dimensional
u ]
vector space where any vector can be expanded in terms of the orthonormal basis [ i N . Thus if
X and Y
are arbitrary vectors, we write

X 

N

 xi ui

i 1
N
Y   yi ui
i 1
If there is another vector

Z

(8.18a)

(8.18b)

such that

9
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Z  X   Y
and Z 

(8.18c)

N

 z i ui

,

i 1
then zi   xi   yi
N
Also
X Y   xi yi
i 1

(8.19)
(8.20)

Note the relations, Eqs (8.19) and (8.20). These relations suggest that in place of of the abstract vectors
X , Y , . ...
, we can even deal with their expansion coefficients (or the components).
[x]
These expansion coefficients are called the
representatives of the vectors. Corresponding to every relationship between vectors, there exists a
relationship between representatives. Thus corresponding to Eq.(8.18c) representing a relationship for
vectors, we have the Eq.(8.19) expressing the relationship which translates as
[z] = α [x] +β [y]
Or

(8.21a)

[

(8.21b)

The representatives, unlike the vectors, depend on the basis chosen. However, with respect to given
X
basis, the representative [x] corresponding to the vector
is unique, which is here represented by
[u ]
[x] in the representation defined by the basis i N .
The basis vectors are represented by
,

where

,

.

(8.22)

.
.
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From the above equations, it is clear that one could also express the representative [x] of vector
in the form of a column matrix as

[x]

 x1

 x2
 . .

 ..

 xN










X

(8.23)

While the representative of the bra vector

X

is represented by the row matrix

=

, i.e.,

(8.24)

The scalar product given in Eq.(8.20) is then given by the matrix product,
in Eq.(8.18c) is simply obtained by the matrix addition:

and the vector addition

z= α x+ β y
The unit vectors,

ui

are represented by the column vectors;

1 
0 
0 
 
 
 
0 
1 
0 
0 
0 
 .0 
u1  u1    ; u 2  u 2    ; . . . .u N   
. . 
0 
 .. 
 ..
 . .
. . 
 
 
 
0 
0 
1 
 
 
 

(8.24)

The orthonormality condition and the completeness condition simply reduce to
ui u j 

 ui
and

i

ui   ui
i

,

=I

(8.25a)

(8.25b)

The operator equation

Aˆ X  Y

(8.26a)
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is given by the matrix equation:
A x= y

.

(8.27)

Note that both x and y are (Nx1) matrices, A is an (NxN) matrix. We thus see that properties of
the linear operators follow from the properties of the square matrices. This procedure of representing
vectors and operators by matrices is referred to as matrix representation. Clearly, in this representation,
a Hermitian operator is represented by a Hermitian matrix.
According to the definition of a Hermitian operator, we have
X Aˆ Y   Y Aˆ X

,

which in matrix form is given as
,
i.e.,

=

, since

is given to be Hermitian,

.

3.1 Change of Basis :
From the above study it is clear that the matrices representing vectors and operators depend on the
representation of the basis. The question, therefore is: if we have the same set of vectors and operators
given in different representations (or basis), how to find the relationship between the matrices
representing them. In the following,we shall try to find the solution to this question.

[ u ] and [ ui ] N
Let i N
be the two orthonormal bases in Hilbert space. Since both the sets
are complete, the vectors of one set can be expanded in terms of the vectors of the other set:
ui 

N

 uj

j 1

S ji ,

i  1 to

N

,

(8.28)

where the expansion coefficients

can be regarded as the matrix elements of an (NxN) matrix S,
[u ]
[ ui ] N
which transforms the representation i N to the representation
.
Now, taking the scalar product of the Eq.(8.28) by

uj

, we get

12
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S ji  u j ui

In other words,

(8.29)

is the component of



along

uj

.

[ ui ] N
, we have

Using the orthonormality of the set

u j ui   ji 

ui

N



k 1

u j u k u k ui

N

 S kj S ki  (S  S ) ji   ji

k 1

where the closure property of the basis
[ u ]
property of i N , we get:

u j ui   ji 

N



(8.30)

[ uk ] N
has been used. Similarly, from the completeness

u j u k u k ui

k 1
N
  ( SS  )
  S jk Sik
ji
k 1

(8.31)

From the two Eqs.(8.30) and (8.31), it follows that
(8.32)
Starting from an orthonormal basis, we find that while Eq.(8.30) represents the orthonormality,
Eq.(8.31) represents the completeness of the transformed basis.Thus we have shown that change of
orthonormal basis in a linear vector space is represented by a Unitary matrix.
To write Eq.(8.28) in terms of the matrix representation, we define a matrix U by
(

(8.33)

where
is the column matrix representing the basis vector given by Eq.(8.24), so that U is an (NxN)
matrix. From the orthonormality of the basis, we require that
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u 
 u u
 1 
 1 1 u 1u 2 . . .. .. u1 u N



u 
 u  u1 u  u 2 . . .. .. .u  u N
2
2
2


 2

U U   .. ..  (u1 u 2 .. .. .. u N )   . . ..
. . . . . . ..
.. .. .
 .. . 
. . .
....
.. .. . . . . ..



 u . .. . u  u
u 
u u
uN
2
N N
 N
 N 1









 I






(8.34)

whereas, from the property of completeness we require that
,

(8.35)

where I is the (NxN) matrix.
Thus U is unitary, showing that an orthonormal basis can be represented by a Unitary matrix..
Now, Eq.(8.28) can be expressed in matrix notation as
U′=U S

(8.36a)

and since both U and S are unitary, we also have
(8.36b)
and
(8.36c)
Also note that linear transformation

Y  Aˆ X

(8.37)

in matrix representation is written as
y=A x

(8.38)

y′=A′ x

(8.39)

in the representation U ;
and by the equation

in the U′ representation.
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Since ′
x=S x′,

(8.40)

we have from Eq.(8.38)
S y′= A S x′
Or
y′=(

S) x′

On comparing with Eq.(8.39), we get
A′=(

(8.41)

Eqs.(8.40) and (8.41) determine respectively the transformation law for the vectors and the
operators under change of basis..

5. Summary
After studying this module, you would be able to
 Learn the state of a physical system in terms of the state vector in Hilbert space
 Know how a Hermitian operator acting on a state vector gives us the information of a
physically observable quantity in terms of various eigenvalues
 Learn the definition of expectation values of the corresponding operator in the state
 Know the properties of quantum mechanical operators and of canonically conjugate
operators
 Know tha time evolution of a quantum mechanica state vector
 Learn some important properties of representations, basis of ket and bra state vectors
and unitary matrices
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Learning Outcomes
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Know how to represent a wave function starting from state vectors…
Learn to express dynamical variables as matrix operators and write the matrix equation
relating the wave functions (as column vectors) to the dynamical operator represented as a
square matrix in a given representation…
Know to write the relations between state vectors and the wave functions in x- space and in
the momentum space
Learn that wave functions in x-space and p-space are connected through unitary
transformations
Deduce that while in the x-representation, the operator x̂ is diagonal, the momentum operator


. Similarly, in the momentum representation, the
x

operator p̂ is diagonal but the operator x̂ is given by  i
.
p

p̂ is the differential operator given by  i



Know, in general, how to define unitary transformations and unitary operators and learn that
the change of basis corresponds to a unitary transformations
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1. Introduction

In continuation of the last topic discussed in the preceding module, here our main objective would be
to study representations of state vectors in a Hilbert space and learn how different kinds of wave
functions for a given state (as for instance, in configuration space and momentum space etc.,) are
simply the sets of components of the state vector, which may be regarded as different ‘coordinate
systems’ or bases in the state vector space. We shall also explore how Dirac’s ket and bra notation
greatly facilitates the interrelationship between different representations and demonstrate to express
dynamical variables as matrix operators and write the matrix equation relating the wave functions (as
column vectors) to the dynamical operator represented as a square matrix in a given representation.
Another interesting aspect is to study, using the ‘quantum condition’ and deduce the explicit
representation of the dynamical variables (such as position and momentum operators) in a given basis.
2. Representations
2.1 Representations of state vectors

x
As pointed out earlier, the coefficients i , in the expansion of Eq.(8.18a), represent the components of
X
the Hilbert space vector
with respect to the basis consisting of the complete orthonormal set of
ui
A ,A ,A
vectors
, exactly in the same manner as the components 1 2 3 which represent the vector

A in the expansion of


A  A1eˆ1  A2eˆ2  A3eˆ3

(9.1)

x  ui X
eˆ , eˆ , eˆ )
with respect to the basis ( 1 2 3 . The component, i
, is actually the counterpart of

Ai  eˆi .A and the set of components, xi  ui X is the wave function representing X in the
u
representation of eigen vectors i . We shall see in our subsequent studies, how this realization
enables us to change over from the abstract but general state vector approach to the Schrodinger’s
representation of wave mechanics.
2.2 Dynamical Variables as Matrix Operators:
Let us consider a linear operator Ĝ corresponding to a certain dynamical variable. Let the operator
Ĝ acting on the state vector  transforms it to the state  , i.e.,
4
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Ĝ   

(9.2)
Let us try to express this operator in the A- representation corresponding to an orthonormal set of


a
eigenvectors,
. In order to do this, we write the state vectors
and
in terms of the wave
a  and a 
functions
. Thus
a   a Gˆ   a Gˆ ( a a )    a Gˆ a a 
a
a
(9.3)
Note that in Eq.(9.3) we have again made use of the closure relation by introducing the unit operator.
Eq. (9.3) may be regarded as a matrix equation, expressed as:










a   
 
a   
 
a    
 
.
 
.
 


a Gˆ a , a Gˆ a , a Gˆ a , . . . . . .   a  
 

a Gˆ a , a Gˆ a , a Gˆ a , . . . . .   a  
 

a Gˆ a , a Gˆ a , a Gˆ a , . . . .   a  
 




. . . .
  . 
  . 


 . . . .

 

(9.4)

Thus in this matrix representation, the column vectors represent the wave functions and the operator Ĝ
a i Gˆ a j
appears as square matrix with elements in the form
, which are referred to as the matrix
elements of the operator Ĝ in the A-representation. Note that the A-representation may be discrete or
continuous, although here we tacitly assume that a is a discrete
parameter. In the Schrodinger representation, on the other hand, we shall see that the operator x̂ , and
the corresponding eigenvalue parameter x would be continuous .
3. Connection with wave function
3.1

Relation between State Vector and Wave Function in x-space

As an application of representation theory of state vectors, let us consider the Schrodinger
a
representation where the operator Â x̂ in one dimension. The basis states,
, of the
Â representation are then the position eigenstates x , defined as

xˆ x  x x

,

(9.5)
5
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The result of the measurement of the position x of the particle can be any real number lying between
, the eigenvalues, x, forming a continuum of the Hermitian operator x̂ . Assuming that
eigenstates are normalized, we have
x x   ( x  x)
(9.6)

x
and the wave function of any arbitrary state
is given by
, which is the Schrodinger wave

(x
)
function
, i.e.,

 ( x)  x 

,
(9.7)
thereby establishing the relationship between the state vector and the wave function.
The norm of



is expressed as

    dx  x x    dx  (x) 2

,
(9.8)
where the summation over the unit (projection) operator is now replaced by integration in the case of a
continuum, viz.,
Iˆ   dx x x

(9.9)
In a similar way, the scalar product of two state vectors can be written using the completeness relation,
Eq.(9.9 ). Thus
 a  b    a x x x x  b dx dx   a ( x)  ( x  x) b ( x) dx dx
  dx a ( x) b ( x)
(9.10)
The orthogonality of the two states is expressed as:
 a  b   dx a ( x) b ( x)  0
(9.11)
We have here obtained the coordinate representation of the wave function for the position operator x̂ .
x xˆ x
In this representation, the operator x̂ is diagonal. It means the matrix elements of x̂ ,
are zero
for
. This is mathematically expressed as
x xˆ x  x ( x  x)
(9.12)
x̂ 
As a result the wave function of
gives
x xˆ    dx x xˆ x x    dx x ( x  x) ( x)
 x ( x)

(9.13)

Note that in obtaining this we have again made use of the expansion, Eq.(9.9).
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To find the action of the operator on the ket
in the x-representation, we shall make use of the
postulate of ‘quantum condition’ on the commutation relation
[ xˆ, pˆ ]  i
(9.14)
between position operator and its canonically conjugate momentum operator.
Taking the matrix element on both sides of Eq.(9.14) between x and x , we have

x xˆ pˆ  pˆ xˆ x  i  x x  i   ( x  x)
The left hand side of Eq.(9.15) can be simplified using the property that
x xˆ  x x
.
Eq.(9.15) can thus be expressed as
( x  x) x pˆ x  i   ( x  x)

x pˆ x 

i   ( x  x)
  ( x  x)
 i
( x  x)
 x

(9.15)
xˆ x  x x

and

(9.16)

i.e.,
(9.17)
In Eq.(9.17), we are making use of the identity:

x [ ( x )]   ( x )
x
(9.18)
and the reason why –ve sign is not appearing in Eq.(9.17) is that we are differentiating with respect to
p̂ 
(-ve) x . We use the relation Eq.(9.17) to find the wave function of
by writing
x pˆ    d x  x pˆ x x 
 

 i  dx   ( x  x) ( x )
 x


(9.19)

We now do the integration by parts, considering  ( x) as the first term and the derivative term in the
bracket as the second term. We thus get
 ( x)
x pˆ   i [ ( x  x) ( x)]
(9.20)
   i  dx  ( x  x)
x
 ( x)
 i 
(9.21)
x
To summarize, while in the coordinate representation, the operator x̂ is diagonal, the operator p̂ acts

 i
x in one dimension. In three dimensions, the generalization is
as a differential operator,



ˆ
ˆ
ˆ
ˆ
x

r
and
p

p


i


straightforward, viz.,
and the wave function  ( x)  (r ) .
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3.2 Relation between State Vector and Wave Function in Momentum Space
It would be interesting to see how the operators xˆ and pˆ act in the momentum representation. Here
the basis states

p

are the eigenstates of the operator p̂ , i.e
pˆ p  p p
,

(9.22)
p̂
giving the eigenvalues p forming a continuum of Hermitian operator
. Assuming that the states are
normalized, we have
p p   ( p  p)
(9.23)
p

and the wave function of any arbitrary state
is given by
, which is the Schrodinger wave

(
p
)
function,
, in momentum space, i.e.,

 ( p)  p 
The norm of



,

(9.24)

is expressed as

    dp  p p    dp  ( p) 2

,

(9.25)

In the momentum representation, the operator p̂ is diagonal. It means the matrix elements of p̂ ,
p pˆ p
are zero for p
. This is mathematically expressed as
p pˆ p  p ( p  p)
(9.26)
p̂ 
As a result the wave function of
is given by




ˆ
ˆ
p p    dp p p p p    dp p ( p  p)  ( p)
 p  ( p)

(9.27)

Note that in the above, we are using the projection operator (the analog of Eq.(9.9)) in the momentum
representation, i.e.,
Iˆ   dp p p
(9.28)
to simplify the above equations, Eq.(9.25) and (9.27).
x̂ 
To find the wave function of
, we shall make use of the postulate of ‘quantum condition’ on the
commutation relation
[ xˆ, pˆ ]  i
(9.14)
between position operator and its canonically conjugate momentum operator and take the matrix
element on both sides of Eq.(9.14) between p and p , we have
p xˆ p 

i   ( p  p)
  ( p  p)
 i 
( p  p)
 p

(9.29)
8
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x̂ 
We now use Eq.(9.27) to find the wave function
in momentum representation and write
p xˆ    d p p xˆ p p 
 

 i  dp  ( p  p)  ( p)
 p

(9.30)
Using the same procedure of doing the integration by parts as illustrated above (cf .,Eq(9.21) ), we
finally get
 ( p)
p xˆ   i
p
(9.31)

Thus in the p-representation, while the operator p̂ is diagonal, the operator x̂ acts as a differential

i
operator p acting on the momentum space wave function. It is important to observe that these
representations are derived based on the quantum postulate of commutation relation.
3.3 Relation between the wave functions in coordinate space and momentum space
Let us now find out how the momentum space wave function is related to the wav function in
coordinate space.
xˆ  ( p)  xˆ p    p x xˆ x  dx   dx x p x  ( x)
(9.32)
Also from Eq.(9.31)



xˆ ( p)  i
 i 
p x x  dx  i   ( x)
p x dx
p
p
p
(9.33)
On comparing the integrands in the right hand sides of the two equations, we have
d
i
p x  x p x
dp

Let us, for the moment, call

(9.34)

p x 

. Then
i
  xdp


On integrating both sides, we get
i
i
ln(  )   xp  C
or   C exp(  xp )



p x  C exp (i / ) x p 

d

(9.35)

We now substitute the expression, Eq.(9.35), in the equation relating the wave function,  ( p) , with
 (x) to get
9
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 ( p)   p x x  dx  C   ( x) exp (i / ) x pdx

(9.36)
We thus find that the wave function in momentum representation is, in fact, the Fourier transform of
the wave function in coordinate representation. One can, in a similar way, show that
 ( x)  C    ( p) exp(i / ) x p dp
.
(9.37)

x p  p x  C  exp(i /  ) x p 
This is because
.
(9.38)
Here the constant C, which is independent of both x and p, can be determined from normalization
condition:

2
  ( x) dx  1

 

 C 2  dp  dp   ( p )  ( p)  exp(i / )( p  p ) x dx  2   C 2
 

(9.39)
In getting the final result in Eq.(9.39), we use the following two properties:

 exp(i / ) ( p  p) xdx  2   ( p  p)


and also   ( p) 2 dp  1

1
C  C 
2 .
Assuming the constant C to be real, we have
Thus, we are able to write the relation, Eq.(9.36), as
1
 ( p)   p x x  dx 
 ( x) exp (i / ) x p dx
2  

(9.40)
Thus, starting from the orthonormal set of bases in x- and p- representations and using the quantum
condition, have shown that the wave functions in momentum and x- space are related by the Fourier
trandform of each other
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4. Change of Basis; Unitary Trandformations
Note the while writing Eq.(9.36) above , expressed in the Hilbert space of ket and bra vectors
p  p x x
where we transform the wave function from momentum basis to that in the coordinate basis we make
use of the unitary relation, viz.,
Iˆ   dx x x
or equivalently
Iˆ   a a
a
We thus illustrate through this specific example how one can change over the wave function of an
arbitrary state in the p-representation to that in the x-representation.
This, in fact, is a general result which we discussed in the preceding module too.
Tthis result will be found useful in many physical situations, enabling us to establish a relation between
two different representations That is why, even at the cost of repetition, we outline below some of the
important steps.

 a  and  bi N be the two orthonormal bases in a Hilbert space. Since both the sets are
Let i N
complete, the vectors of one set can be expanded in terms of the vectors in the other set:

bj 

N

 ak

k 1

Skj,

j 1,2,......,N .
(9.41)

The coefficients of expansion,

Skj

, can be regarded as the matrix elements of an (N×N) matrix S,
a 
b 
which represents the transformation from the representation i to the representation i . Taking
a
the scalar product of Eq.(9.41) by i , we have
Sij  ai b j
(9.42)
bj
S
a
i.e., the matrix element ij represents the component of
along i .
b 
a 
Using the orthonormality of the set i , and the closure property of the basis i , we have
N
N
S 
 jk  bk b j   bk ai ai b j   Sik
ij
i 1
i 1
(
(9.43)
Similarly, from the closure property of the set

 bi , we get
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N

N

 
 jk  a j ak   a j bi bi ak   S ji Ski

i 1
a
where the orthonormality of the set i

i 1

(9.44)

 has been used. From Eqns.(9.43) and (9.44), we get
(9.45)

This is the unitarity relation according to which the transformation matrix
, expressing the
bj
a 
transformation from the representation i to the representation
is unitary.
Similarly, given any linear operator F̂ can be expressed as an expansion of the unit operator as
Fˆ  Iˆ Fˆ Iˆ   ai ai Fˆ  a j a j   ai a j Fi, j
i
j
i, j
,
(9.46)

 

where

Fi, j  ai Fˆ a j

. The operator F̂ is thus expressed as a linear combination of the

ai a j
operators
. In case the operator F̂ is the operator Â , which is, say, the eigen operator for the
Fi, j  ai Aˆ a j  a j ij
aj aj aj
aj
state
, i.e., Â
, then
and the expression, Eq.(9.46),
simplifies to

Aˆ   ai a j a jij   ai ai ai   ai P(ai )
i, j
i
i
.

(9.47)
This shows that an observable is simply a weighted average of its projection operators to its own eigen
states.

4.1 Unitary Operators
A unitary operator is defined through the equation
or

.

The action of such an operator on any state
=



(9.48)

leaves the norm unchanged since the norm of



In case the operator Â is Hermitian , i.e.,
expression , exp(iα Â ) , is unitary. This is because

Ŝ 

is

(9.49)
and a parameter α is a real number, then the
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ˆ ) 1
exp(
i

A
Â
=
exp(- iα ) =
,
(9.50)
which is in accordance with the definition given in Eq.(9.48). Conversely any unitary operator
be written in the form , exp(iα Â ), provided Â is Hermitian and α is a real number.

5. Summary
After studying this module, you will be able to
Know how to represent a wave function starting from state vectors…
Learn to express dynamical variables as matrix operators and write the matrix equation relating
the wave functions (as column vectors) to the dynamical operator represented as a square
matrix in a given representation…
 write the relations between state vectors and the wave functions in x- space and in the
momentum space and show that they are connected through unitary transformation
 Deduce that while in the x-representation, the operator x̂ is diagonal, the momentum operator

 i
p̂ is the differential operator given by
x . Similarly, in the momentum representation, the

 i
p .
operator p̂ is diagonal but the operator x̂ is given by





Know, in general, how to define unitary transformations and unitary operators and learn that the
change of basis corresponds to a unitary transformations
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1. Introduction

In the previous modules we studied about the dynamical variables which could be simultaneously
assigned definite values in a given state and are represented by commuting Hermitian operators. In
contrast, we also have variables which cannot be assigned specific values and are represented by noncommuting operators. Energy and momentum of a free particle can be the example of commuting
operators, whereas the x-co-ordinate and the x-component of the momentum are examples of noncommuting operators. In the first part of this module we shall discuss the necessary and sufficient
condition so that the operators possess a complete orthonormal set of common eigen basis. We shall
also introduce a complete set of mutually commuting operators such that they have one and only one
eigen basis. To make these concepts clear, a couple of illustrative examples are also discussed.
2. Commuting Operators
We encountered, in the preceding module example of non-commuting operators. There are, however,
operators which do commute. Such operators are of importance in quantum mechanics, because as we
shall see , the basis vectors, representing the quantum states of a physical system, are determined by
these. In this context, let us first study the following basic theorem:
ˆ
ˆ
Let A and B be two Hermitian operators. The necessary and sufficient condition for the existence of

ˆ
ˆ
a basis with respect to which the operators A and B represent diagonal matrices is that they
commute, viz.,
[ Aˆ , Bˆ ]  Aˆ Bˆ  Bˆ Aˆ  0
(10.1)

Suppose there exists a basis

a , a , a . . . .,

of common eigen vectors of

:

Aˆ a  a a

(10.2a)

Bˆ a  b a

(10.2b)

Multiplying Eq.(10.2a) from the left by , we get
Bˆ ( Aˆ a )  a ( Bˆ a )  a b a
and
Aˆ ( Bˆ a )  b( Aˆ a )  ba a
From Eqns.(10.3a) and (10.3b), we get
( Aˆ Bˆ  Bˆ Aˆ ) a  0

(10.3a )
(10.3b)

(10.4)

a
Since this is true for all
, we have
(10.5)
Hence a necessary condition for the two operators to have simultaneous eigen vectors is that they
commute. The converse of this theorem is also true: suppose that
4

Physics

Quantum Mechanics-1
Commuting Operators and a complete set of commuting operators

Let us choose the basis in which the operator
vectors are eigen vectors of the operator :

is represented by a diagonal matrix, where the basis

Aˆ a  a a
Then

Aˆ Bˆ a  Bˆ Aˆ a  Bˆ a a  a( Bˆ a )

According to it,

(10.6)
(10.7)

( Bˆ a )

is also an eigen vector of with the same eigen value a. If a is non-degenerate
B̂ a
a
then there is only one eigen vector
corresponding to the eigen value a . In that case,
should be
a
linearly dependent on
so that
ˆ
c1 ( B a )  c2 a  0
for c1  0,
c2  0;
thus

Bˆ a  (c2 / c1 ) a  b a

(10.8)
If the eigen value,a, is g-fold degenerate, it means there are g linearly independent vectors If the eigen
a
value,a, is g-fold degenerate, it means there are g linearly independent vectors k
(k=1,2, . . . ,g) such that

Aˆ ak  a a

k

(10.9)

Let us assume that these are orthogonal
ak a j   kj

(10.10)
Also, consider, for the sake of simplicity, the case when g=2, i.e., two- fold degeneracy.
Let us define
a   a1   a2
,
(10.11)
where α and β are scalars. Since is linear

Aˆ a   ( Aˆ a1 )   ( Aˆ a2 )  a a
That is

a

(10.12)

is an eigen vector of

belonging to eigen value a. What we have to show now is that there
a
are non zero scalars α and β such that
defined by Eq.(10,11 ) satisfies Eq. (10.2 ):
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Bˆ a  Bˆ ( a1   a2 )  b ( a1   a2 )
Taking the scalar product of Eq.(10.13) successively with

(10.13)

a1 and a2
and using Eq.(10.10), we get

( B11  b)   B12   0

B21   ( B22  b)   0
have used the abbreviation,
B jk  a j Bˆ ak

(10.14)

where

we

(10.15)
Eq.(10.14) represents a set of homogeneous equations in α and β. The condition for the existence of a
non-trivial solution ( for α, β 0 ) is that the determinant of the matrix representing the coefficients be
zero. In other words,
( B11  b)
B12
0
(10.16)
B21
( B22  b)
Or
b 2  ( B11  B22 ) b  ( B11B22  B12 2 )  0
(10.17)
Note that

B21  a2 Bˆ a1  a1 Bˆ a2   B12
(10.18)
The two roots of the Eq.(10.17) are
1/ 2
B  B22 1 
b1  11
 ( B11  B22 ) 2  4 ( B11B22  B12 2 )
,
(10.19a)

2
2 
1/ 2
B  B22 1 
b2  11

( B11  B22 ) 2  4 ( B11B22  B12 2 )
(10.19b)

2
2 
These two roots are equal if
( B11  B22 ) 2  4 ( B11B22  B12 2 )  0
i.e., if ( B11  B22 ) 2  4 B12 2  0
(10.20)
Since both the terms are real and positive, Eq.(10.20) will be satisfied only when each of the terms is
zero. Thus the two roots will be equal only if
B11  B22
and
B12  B21  0
(10.21)
In this case,
b1  b2  b  B11  B22
(10.22)
From Eqs.(10.21) and (10.22) and Eq.(10.18), it follows
Bˆ a1  b a1 ;
Bˆ a2  b a2
(10.23)
6
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a and a2
showing thereby that 1
are degenerate eigen vectors of the operator also.
Eqs.(10.14) are satisfied for arbitrary values of α and β, since the coefficients
a and a2
( ( B11  b), ( B22  b), B12 and B21 are all zero, so that any linear combination of 1

are simultaneous eigen vectors of the operators
.
What happens when
? In that case, one or both of the following conditions are satisfied:
(i)
If only condition (i) is satisfied, we get
(10.24)
Corresponding to these value of b, we get two sets of values for α and β . Denoting these values by
 (i) and  (i) , we have the possibilities:
 (1)  1,
 (1)  0 ;

 (2)  0,

 (2)  1,

So that

a (1)   (1) a1   (1) a2  a1

(10.25a)

a (2)  a2

(10.25b)

Thus

Bˆ a1  b1 a1

; Bˆ a2  b2 a2

This means that the eigen vectors of the operator
When
, we shall similarly get
a (1)   (1) a1   (1) a2

(10.26)

belong to different eigenvalues.

a (2)   (2) a1   (2) a2
with  (i)  0 and  (i )  0, we get
Bˆ a (k )  bk a (k ) ,

with k  1,2.

(10.27)

The different possibilities can thus be summarized as:
(1) When has no degenerate eigen values: In this every eigenvector of is also an eigenvector
of .
(2) When has degenerate eigenvalues: The following possibilities are there:
(a) Every eigenvector of is also an eigenvector of
(i) The degenerate eigenvectors of are degenerate eigenvectors of also;
7
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(ii) The degenerate eigenvectors of belong to different eigenvalues of . In this case, the
degeneracy is said to be removed by the Hermitian operator of .
(b) Every degenerate eigenvector of is not an eigenvector of . But there are linear
combinations of the degenerate eigenvectors, as many in number as the degree of
degeneracy, which are degenerate eigenvectors of but are non-degenerate eigenvectors of
. The degeneracy is removed in this case by .
Equation (10.16) obtained above is called the secular equation of the matrix:
B12 
 B11


B22 
 B21

(10.28)
The foregoing conclusions arrived at are based for the case of 2-fold (g=2) degeneracy. But these could
be generalized for the case g>2. Thus in the general case, we will have a g x g matrix in place of a 2x2
matrix. If all the g roots of the corresponding secular equation are different, the degeneracy in respect
of the eigenvalues of is completely removed by and the common eigenvectors of and are the
eigenvectors of the matrix . These vectors are uniquely
a (k )

specified by the eigenvalues of and . Thus
, which is the eigenvector belonging to
eigenvalue a of and the eigenvalue of may be represented by
a (k )   a.bk
.
If some or all of the eigenvalues of the matrix
are equal, then the degeneracy is either partially
removed or not at all by . In any case, there is a set of common orthonormal , eigenvectors of and
.
3.1 Illustrative Example:
2 d 2
Hˆ  
2
2m dx 2
Consider ,as a simple example, a Hamiltonian operator
in the x-space L (, ) .
i d
( )
This is Hermitian since it is the square of the Hemitian operator - 2m dx . The eigenvectors of are

 1 ( x) 

1
 (i /  ) px
2 exp

and

 2 ( x) 

1
exp(i / ) px
2

p2
Both of these belong to the same eigenvalue, E= 2m :

8
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 p2 
 ( x) ;
Hˆ  1( x)  
 2m  1



 p2 
 ( x)
Hˆ  2 ( x)  
 2m  2



The operator
is Hermitian and commutes with
commutes with its square. Now
d  1
 i

pˆ  1( x)  i 
exp  p x    p 1( x)
dx  2
  

. This is because any scalar operator also

but pˆ  2 ( x)  p 2 ( x)
Thus 1 and  2 are non-degenerate eigenvectors with respect to
regard to the eigenvalues of is removed by
represent energy and momentum operators.

. Therefore the degeneracy with
. In fact this an example of a free particle where
and

3.Complete set of Commuting operators
a
Let us consider a Hermitian operator Â having a basis consisting of eigenvectors n . If none of the
eigenvalues of Â is degenerate, the various basic vectors can be labelled by the eigenvalue
so that
the eigenvalue specifies the corresponding eigenvector uniquely. We can thus get a basis of linear
a
vector space formed by a complete set of eigenvectors n of Â .If the operator Â has degenerate
eigenvalues, the eigenvectors are not uniquely specified by the eigenvalues of Â , there being more
than one eigenvectors corresponding to the eigenvalue
commutes with Â and construct an orthonormal set

. We then choose another operator B̂ which

of vectors which are simultaneously eigenvectors of Â and B̂ . If this basis is unique in the sense that
to each pair of eigenvalues
there corresponds only one eigenvector, Â and B̂ are then said to
form a complete set of commuting operators. The degeneracy is then said to be completely removed.
Suppose the degeneracy of every eigenvalue of
is not removed completely by the
introduction of the operator B̂ , we shall add a third operator Ĉ , which commutes with both

Aˆ and Bˆ . We can thus go on adding operators until we have a set Aˆ , Bˆ , Cˆ ...., L̂ of mutually
commuting operators such that they have one and only one common basis. In this case,
a , b , c ,.........lq
we would have a common eigen state uniquely specified by the eigen values n m l
of the
operators:
Aˆ an , bm , cl .....,lq  an an , bm , cl ,....lq
9
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Bˆ an , bm , cl .....,lq  bm an , bm , cl ,....lq
:
:
ˆ
L an , bm , cl .....,lq  lq an , bm , cl ,....lq

(10.29)

ˆ ˆ ˆ
ˆ
The operators A , B , C ,........L are then said to form a complete set of commuting operators.
ˆ ˆ ˆ
ˆ
Thus, by definition, a set of Hermitian operators (observables) A, B, C , . . . .L is called a
complete set of operators, if
(i) All the operators commute by pairs;
(ii) There exists a unique orthonotmal basis of common eigenvectors specifying uniquely the eigen
ˆ ˆ ˆ
ˆ
values of all the operators A, B, C , . . . .L .

3.1 Illustrative Example :
As an example, we consider a physical system in a three-dimensional space spanned by the
u , u2 and u3
orthonormal basis of three kets 1
. Let us define, in the basis of these vectors, two
operators:
1 0 0 
1 0 0 




Hˆ    0  1 0 
Bˆ  b 0 0 1  ,
 0 0  1
0 1 0 




where ω and b are real constants.
Since the matrices representing these operators are symmetric and real, therefore
are
u1
Hermitian. Note that
is an eigen vector common to
. It is simple to check that
Hˆ Bˆ u1  Bˆ Hˆ u1
so that

commute. We see then that for
to commute it is sufficient to see if these
u and u3
operators commute in the subspace spanned by 2
. In this subspace, the
ˆ
matrix representing is a 2x2 matrixi.e., -   I , where I is a 2x2 unit matrix which commutes with
all 2x2 matrices.
therefore commute. However, in this subspace, the matrix is
1
0

Bˆ  b
0 
1
Operating this matrix on the kets
 u2  
  b
Bˆ 
u  
 3  

u2 and u3
gives
u3 

u 2 
10
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u2 and u3
Thus the kets
are not the eigenvectors of . Rather the operator
converts
u2  u3
acting on these ket vectors. However, it is easy to check that the normalized eigen vectors
can be obtained by a linear combination of these vectors:
1
 u 2  u3 
q2 
( having eigenvalue  b)
2
1
q3 
[ u 2  u3 ]
(having eigenvalue  b)
2

Note that the

factor is used to normalize these eigen vectors. Since this subspace is the
eigenspace of with eigen value    , these eigen vectors are automatically the eigen vectors of .
We have thus obtained the eigen vectors common to
as:
Eigen value of


Eigen value of
b

q1  u1
1
 u 2  u3 
q2 
 
b
2
1
 u 2  u3 
q3 
 
b
2
It can be seen from the above table that the operator has a two-fold deneracy and therefore is not a
complete set of commuting operator. Similarly, also has a two-fold degeneracy and is also not a
complete set of commuting operator: an eigen vector of
with the eigen value b can be
q1 or q2 or 1  u1  u2  u3 
3
. On the other hand the set of two operators,
does
constitute a complete set of commuting operators, since no two lines in the above table are alike. No
two eigen vectors have the same eigen values for both the operators
’ While within the eigen
q2 and q3
sub space spanned by the kets
of
associated with the eigen value    , the
eigenvalues of
eigen values of

are distinct (b and –b). Similarly in the eigen subspace of kets
are distinct  and   .

q1 and q3
, the

5. Summary
After studying this module, you should be able to
 learn the necessary and sufficient condition for commuting operators to possess a complete
orthonormal set of common eigen vectors.
 Learn through an illustrative example the meaning of the term ‘degeneracy’ of eigen values and
how it is lifted
11
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Know what constitutes a complete set of commuting operators and how these are obtained
Learn through an example how a complete set of commuting operators is obtained.
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Know important identities of commutator algebra
Learn the definition of function of an operator and study a few examples
Know the differentiation of an operator and learn some properties
Learn the definition of trace of an operator and study some examples
Learn the meaning of invariance of trace of the operator
Study the example of a potential as an operator including a useful identity
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1. Introduction
In this module, some important properties of operators, and their commutators and some well-known identities
are recapitulated. In particular, the definition of a function of operator, differentiation and trace of the operator
with some examples are discussed. The concept of the invariance of trace is also clarified. The purpose here is
not only to acquaint you with the elementary properties of the operators but also to familiarize you with some of
the important identities which you will find useful in your subsequent studies in quantum mechanics.
2. Properties of Operators, Commutators and Identities
2.1 Commutator Algebra and some important identities

ˆ ˆ

ˆˆ

ˆˆ

As the commutator [ A, B ]  AB  BA of two operators plays a prominent role in quantum mechanics, it would
be appropriate to describe here some rules of the operator algebra, which may prove to be useful to apply in later
studies.
(i)

[ Aˆ , Bˆ ]  [ Bˆ , Aˆ ]  0

(ii)

[ Aˆ , Bˆ  Cˆ ]  [ Aˆ , Bˆ ]  [ Aˆ , Cˆ ]

(iii)

[ Aˆ Bˆ , Cˆ ]  [ Aˆ , Cˆ ] Bˆ  Aˆ [ Bˆ , Cˆ ]

(iv)

[[ Aˆ ,[ Bˆ , Cˆ ] ]  [Cˆ ,[ Aˆ , Bˆ ] ]  [ Bˆ ,[Cˆ , Aˆ ] ]  0

(11.1)

(v)
The derivation of these properties is straightforward: One has simply to compare both sides of each equation
after writing the sides explicitly.

ˆ ˆ
ˆ
ˆ
If A and B are two operators which both commute with their commutator , [ A, B ] , then
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[ Aˆ , Bˆ n ]  n Bˆ n 1[ Aˆ , Bˆ ]
[ Aˆ n , Bˆ ]  n Aˆ n 1[ Aˆ , Bˆ ]

(11.2)

Take, for instance, the first equation, Eq.(11.2), and consider the case n=2. The left hand side of the equation can
then be written as

 Aˆ , Bˆ 2   Aˆ Bˆ 2  Bˆ 2 A  [ Aˆ , B] Bˆ  Bˆ Aˆ Bˆ  Bˆ[ Bˆ , Aˆ ]  Bˆ Aˆ Bˆ


 [ Aˆ , Bˆ ]Bˆ  Bˆ[ Aˆ , Bˆ ]  2 Bˆ[ Aˆ , Bˆ ]
In simplifying the last step, we use the given condition that operators
[

commute with the commutator

This process can be repeated with value of n> 2 to prove the above identity.

Such identities prove useful in simplifying the commutators such as ,

Thus the commutator,

.

[ xˆ, pˆ xn ]

[ xˆ, pˆ xn ] or [ xˆ n , pˆ x ]

can be shown equal to


i
( pˆ xn )
n
[ xˆ, pˆ x ]
pˆ x
=
,
[ xˆ n , pˆ x ]  i

and

:


( xˆ n )
xˆ n

where we make use of the relation:

,
=

(11.3a)

(11.3b)
.

2.2 Functions of Operators
Consider the function F of a variable z. Let it be expanded in a certain domain in Taylor series about the origin:



 cn z n

F(z)= n 0
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By definition, the corresponding function of the operator

F ( Aˆ ) 

is the operator F[



 cn Aˆ n

n 0

(11.4)

Most important function of an operator is the exponential, exp

exp( Aˆ ) 

defined by the series:

defined by

 Aˆ n
Aˆ 2
Aˆ n
ˆ
 n!  1̂ A  2!  . . . .  n !
n 0

One can easily see that if the operator

is Hermitian so is F(

(11.5)

.

Further more, by making use of the series expansion, one can show
F(
In particular for a unitary operator

)=

(11.6)

, we have a useful relation

F(
Suppose

a

(11.7)

is an eigenvector of the operator

:

Aˆ a  a a

(11.8)

Applying the operator n-times in succession, we have

Aˆ n a  a n a
Thus for the function F[

(11.9)

given in the form of series Eq. (11.4 ),

F ( Aˆ ) a 



 cn a n a

n 0
 F (a) a

(11.10)
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It thus follows that an eigenvector
the eigen value F(a).

a

of the operator

with eigen value a is also an eigen vector of F[ ] with

For example, if we have matrix

1

 z  
0

0

 1

then

e
exp( z )  e z  
0





1
e 

0

(11.11)

In case we have functions containing two or more operators, we have to be careful in keeping the order in which

ˆ ˆ
ˆ 
ˆ ˆ
e A e B , e B e A and e A  B are , in

they are appearing.. For example, the operators,
general, not equal. However, when operators

, i.e., [

, then

ˆ ˆ
ˆ 
ˆ ˆ
e A e B  e B e A  e A B

(11.12)

2.3 Differentiating the Operators
If we have to differentiate the product of two operators, (
case

, with respect to a variable t, then as in the usual

 

d ˆ ˆ dFˆ ˆ ˆ dGˆ
FG 
GF
dt
dt
dt
This can be proved by taking the matrix elements of (

(11.13)
as follows:

7

Quantum Mechanics-1
Physics

On Properties of operators, their commutators and some useful, important
Identities

ui FˆGˆ u j   ui Fˆ u k u k Gˆ u j
k


d ˆˆ
dFˆ
dGˆ
ui
( FG ) u j    ui
u k u k Gˆ u j  ui Fˆ u k u k
uj 
dt
dt
dt

k 
dFˆ ˆ
dGˆ
 ui
G u j  ui Fˆ
uj
dt
dt

(11.14)

As the last expression is valid for all i and j, the relation is thus established.

ˆ

ˆ

At B t
In differentiating a function as e e
with respect to t, we can, for example, write it in the form
d  Aˆ t Bˆ t  ˆ Aˆ t Bˆ t
Aˆ t Bˆ e Bˆ t
e
e

A
e
e

e

dt 

ˆ
ˆ
ˆ
ˆ
or
 e A t Aˆ e B t  e At Bˆ e B t
ˆ
ˆ ˆ
ˆ
or
 e A t Aˆ e B t  e A t e Bt Bˆ

ˆ

(11.15)

ˆ

ˆ ˆ At B t
but both an expression like ( A  B)e e . Thus the order of the operators is important here.
2.4 Useful Identities Involving Commutators:
Consider the following relation:

ˆ
ˆ
1
1
e ABe A  Bˆ  [ Aˆ , Bˆ ]  [ Aˆ , [ Aˆ , Bˆ ]]  [ Aˆ , [ Aˆ , [ Aˆ , Bˆ ]]]  ............
2!
3!

(11.16)

This can be proved as follows:
Consider

ˆ
ˆ
f ( )  e  A Bˆ e   A

(11.17)

Using the Taylor’s series expansion of f(λ), we write
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f ( )  f (0)  

df
2 d 2 f
| 0 
| 0 .............
d
2 ! d2

where

f(0)= B̂ ,

and

df
df ( )
 Aˆ f ( )  f ( ) Aˆ  [ Aˆ , f ( )], and
|  0  [ Aˆ , Bˆ ]
d
d
,

(11.18)
(11.19a)

2
d 2 f  ˆ df ( ) 
ˆ , [ Aˆ , f ( )]], and d f ( ) |
ˆ ˆ
  A,

[
A
 0  [ A, [ A, Bˆ ]]

2
2
d



d
Similarly, d

(11.19b)

(11.19c)

Thus, substituting the values obtained above in Eqs.(11.19a), (11.19b) and (11.19c), we get

ˆ
ˆ
1
f (  1)  e ABˆ e A  Bˆ  [ Aˆ , Bˆ ]  [ Aˆ , [ Aˆ , Bˆ ]]  .........
2!

(11.20)

which proves the identity given by Eq.(11.16).
As a corollary to the above, we can also prove the following identity:

ˆ ˆ
If Â and B̂ are two operators which both commute with their commutator, [ A, B] , then the following identity
can be proved:

ˆ ˆ
ˆ ˆ
ˆ ˆ
e Ae B  e A B 1 / 2 [ A, B]

(11.21)

To prove this, let us consider

ˆ
ˆ ˆ
ˆ
f (  )  e  Ae  B e   ( A  B )
and differentiate it with respect to λ. We get

ˆ
ˆ ˆ
ˆ
df
 Aˆ f ( )  e ABˆ e Be ( A B)  f ( ) ( Aˆ  Bˆ )
d

(11.22)

The second term in the above can expressed as
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ˆ
ˆ ˆ ˆ
ˆ ˆ
e  A Bˆ e   Ae Ae B e   ( A  B)  Bˆ  [ Aˆ , Bˆ ] f ( )

(11.23)

where we use the identity, Eq.(11.20) and retain only the first two terms in the expansion, since it is given that

ˆ
ˆ
both A and B commute with their commutator. Eq.(11.22) simplifies to
df
 ( Aˆ  Bˆ ) f ( )  [ Aˆ , Bˆ ] f ( )  f ( ) ( Aˆ  Bˆ )
d
 [ Aˆ , Bˆ ] f ( )

(11.24a)
(11.24b)

It is not difficult to check by expanding fλ) in the form of a series that the first and third terms in Eq.(11.24a)
commute. Expressing the resulting equation as

df
 [ Aˆ , Bˆ ] d
f

(11.25)

and integrating the left hand side with respect to f and the right hand side with respect to λ, we get

ln( f ) 

2 ˆ ˆ
[ A, B]
2

or

2
ˆ ˆ
f ( )  e  [ A, B] / 2 ,

which, after substituting the expression for f(λ) reduces to, in the case λ=1,

ˆ ˆ
ˆ ˆ
ˆ ˆ
e Ae B  e( A B)  (1 / 2) [ A, B]

(11.26)

This proves the identity.

2.5 Trace of an Operator
The trace of an operator

is the sum of its diagonal matrix elements and is denoted by Tr

For a discrete orthonormal basis,

.

 ui , in the vector space, we, by definition, have
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 ui

Aˆ ui

= i

Tr

,

whereas in the case of continuous orthonormal basis,
Tr

=

 d

(11.27)

 u , it is defined as

u Aˆ u

(11.28)

In an infinite-dimensional space, the trace of the operator is defined only when the above sum or the integral
converge.

2.5.1 Invariance of Trace
The sum of the diagonal elements of the matrix representing an operator is independent of its basis chosen. To
show this property, let us consider the case of a change from one discrete orthonormal basis
discrete orthonormal basis

 wk . We then have



ˆ

 ui A ui   ui  wk wk  Aˆ ui
i
i
k

,

where the closure relation has been used for the

 ui
i, k

 ui  to another

(11.29)

wk
states. Rewriting the right hand side of the equation as

wk wk Aˆ ui   wk Aˆ ui ui wk
i, k

(11.30)

Note that it is always possible to change the numbers in a product. In the last expression, we can now use the
closure relation for

ui

and get the final relation as

 ui
i

Aˆ ui   wk Aˆ wk
k

(11.31)
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This relation demonstrates the property of invariance of the trace. Following important properties regarding the
trace of the product of two or more than two operators are worth recording:
(i)

Tr(

(11.32a)

(ii)

Tr (

(11.32b)

In general, the trace of the product of any number of operators remains same when a cyclic permutation of these
operators is performed.
Let us prove, for illustration the case (i).

Tr ( Aˆ Bˆ )   ui Aˆ Bˆ ui   ui Aˆ u j u j Bˆ ui
i
i, j
  u j Bˆ ui ui Aˆ u j   u j Bˆ Aˆ u j  Tr ( Bˆ Aˆ )
i. j
j
Here the closure relation is used twice on the

{ ui }

(11.33)

basis.

2.6 Potential Operator: An Important Example
We often come across in one dimensional problems a Hamiltonian operator which consists of a kinetic energy
part and a potential operator

, which corresponds to the classical potential energy experienced by a particle

due to a force acting on it. In the {

x

}, the operator

has the eigen vector

x

with eigen value V(x), i.e.

Vˆ x  V ( x) x

(11.34)

Its matrix element is therefore

x Vˆ x  V ( x)  ( x  x)
Assuming the

(11.35)

to be Hermitian so that the function V(x) is real, we have

x Vˆ   V ( x) x   V ( x) ( x)

This equation shows that in the {
V(x).

x

} representation, the action of the operator

(11.36)
is simply multiplication by
12
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Important Example:
Consider the Hamiltonian operator
represented by the operator

of a particle of mass m in a one dimensional problem of potential energy

given by

pˆ 2 ˆ
Hˆ 
V
2m
,
where the eigenvectors of

are denoted by

(11.37)

k

so that

Hˆ k  Ek k

Consider the commutator,

  xˆ, Hˆ , xˆ  = [ ( xˆ Hˆ  Hˆ xˆ), xˆ ]
2ˆ
ˆ
ˆ 2
ˆ
= ( xˆ H xˆ  H xˆ  xˆ H  xˆ H xˆ )



(11.37)

 

1
1
1
xˆ , Hˆ , xˆ  xˆ Hˆ xˆ  Hˆ xˆ 2  xˆ 2 Hˆ
2
2
2

Or

Calculating the expectation value of this expression in the eigen state

1
k
2

 xˆ, Hˆ , xˆ  k 

(11.38)

k

, we write

1
1
k xˆ Hˆ xˆ k  k Hˆ xˆ 2 k  k xˆ 2 Hˆ k
2
2

(11.39)

Let us consider the first term on the right hand side of this expression:

k xˆ Hˆ xˆ k   k xˆ s
s,t
  k xˆ s
s,t
  k xˆ s
s

s Hˆ t t xˆ k
E s  s,t t xˆ k
E s s xˆ k

  E s xks 2
s

(11.40)
13
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Here to calculate the expectation value we have introduced complete set of states and summed over the
intermediate states introduced and used the eigen value equation, viz.,

k s   ks

property ,

Hˆ s  Es s

and the orthonormal

. Proceeding in a similar way, the last two terms can also be simplified, giving

2
k Hˆ xˆ 2 k  k xˆ 2 Hˆ k   Ek xks
s

(11.41)

Combining the three terms on the right hand side of Eq.(11.39 ), we get

1
k
2

 xˆ, Hˆ , xˆ  k   (Es  Ek ) xks 2
s

(11.42)

In the matrix element on the left side of Eq.(11.42), let us substitute for
Thus, we get



pˆ 2
Hˆ 0 
2m .
, where



k [ xˆ, Hˆ 0  Vˆ ] xˆ k
Now in the {

Therefore,

x

} representation in which we calculate the expectation value, the commutator [

the

commutator

 pˆ 2  1
 xˆ ,

i 2 pˆ x
 2m  2m

reduces





[ xˆ, Hˆ 0 ], xˆ .
to

Since

pˆ 2
Hˆ 0 
2m ,

we

=0.

have

and [ pˆ x , xˆ ]  i
.

With the result, we have on the left hand side of Eq.(11.42)

1
k
2

xˆ, Hˆ 0 , xˆ k



1 2
2 m

Thus Eq.(11.42) simplifies to

2
2
 ( Es  Ek ) xks  2m
s
14
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This is an important identity which you will find useful in your subsequent studies.
3. Summary
Having studied this module you would be able to
 Know important identities of commutator algebra…
 Learn the definition of function of an operator and study a few examples
 Know the differentiation of an operator and learn some properties
 Learn the definition of trace of an operator and study some examples
 Learn the meaning of invariance of trace of the operator
 Study the example of a potential as an operator including a useful identity
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